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Z3-ORBIFOLD CONSTRUCTION OF THE MOONSHINE VERTEX
OPERATOR ALGEBRA AND SOME MAXIMAL 3-LOCAL
SUBGROUPS OF THE MONSTER
HSIAN-YANG CHEN, CHING HUNG LAM, AND HIROKI SHIMAKURA
Abstract. In this article, we describe some maximal 3-local subgroups of the Monster
simple group using vertex operator algebras (VOA). We first study the holomorphic
vertex operator algebra obtained by applying the orbifold construction to the Leech
lattice vertex operator algebra and a lift of a fixed-point free isometry of order 3 of the
Leech lattice. We also consider some of its special subVOAs and study their stabilizer
subgroups using the symmetries of the subVOAs. It turns out that these stabilizer
subgroups are 3-local subgroups of its full automorphism group. As one of our main
results, we show that its full automorphism group is isomorphic to the Monster simple
group by using a 3-local characterization and that the holomorphic VOA is isomorphic
to the Moonshine VOA. This approach allows us to obtain relatively explicit descriptions
of two maximal 3-local subgroups of the shape 31+12.2. Suz :2 and 38.Ω−(8, 3).2 in the
Monster simple group.
1. Introduction
The Moonshine vertex operator algebra (VOA) V ♮ is one of the most interesting VOAs.
Its full automorphism group Aut V ♮ is isomorphic to the Monster simple group M, the
largest sporadic finite simple group. This view point is useful for understanding certain
aspects of M. For example, V ♮ was constructed in [FLM88] from the lattice VOA VΛ
associated to the Leech lattice Λ and an automorphism θ ∈ Aut VΛ of order 2, which is a
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lift of the −1 isometry of Λ, as follows:
V ♮ := V +Λ ⊕ V T,+Λ ,
where V +Λ is the θ-fixed-point subspace of VΛ and V
T,+
Λ is the subspace of the (unique)
irreducible θ-twisted module V TΛ with integral weights. By the construction, there is a
natural automorphism of order 2 that acts as 1 on V +Λ and as −1 on V T,+Λ . The centralizer
of this automorphism coincides with the stabilizer in Aut V ♮(∼= M) of the subVOA V +Λ
and it has the shape 21+24+ .Co1 (cf. [FLM88, Sh07]). In addition, four other maximal
2-local subgroups of M are described as the stabilizers in Aut V ♮ of certain subVOAs
of V +Λ ([Sh07]). However, it is not easy to describe other maximal subgroups based on
this construction. In order to study the other p-local subgroups of the Monster, it is
natural to ask if there exists a similar Zp-orbifold construction of V
♮ associated to VΛ and
an automorphism of order p and if there is a natural way to describe maximal p-local
subgroups using such a construction. In this article, we will consider the case where p = 3
and try to obtain explicit descriptions of some maximal 3-local subgroups of the Monster.
Let τ ∈ Aut VΛ be a lift of a fixed-point free isometry of Λ of order 3 such that τ has
order 3. It is well-known [DLM00] that VΛ has a (unique) irreducible τ
i-twisted module
for i = 1, 2; We denote these twisted modules by V T1Λ (τ) and V
T2
Λ (τ
2), respectively. We
also define the V τΛ -module
V ♯ :=V τΛ ⊕ (V T1Λ (τ))Z ⊕ (V T2Λ (τ 2))Z,
where V τΛ is the τ -fixed point subspace of VΛ and (V
Ti
Λ (τ
i))Z is the subspace of V
Ti
Λ (τ
i)
with integral weights.
It was first announced by Dong and Mason [DM94] that V ♯ has a natural VOA structure
as an extension of the V τΛ -module structure. They also claimed that the full automorphism
group of V ♯ is isomorphic to M and V ♯ is isomorphic to V ♮ as a VOA. However, a
complete proof has not been published. Recently, Miyamoto proved in [Mi13] that V ♯ has
a holomorphic VOA structure (see also [TY13]). He also showed that V ♯ is a Z3-graded
simple current extension of the VOA V τΛ .
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In this article, we describe two maximal 3-local subgroups of the Monster simple group
M as lifts of symmetries of certain subVOAs of the Moonshine VOA by the following
way. We view V ♯ as simple current extensions of the full subVOAs V τΛ and (V
τ
K12
)⊗2
graded by Z3 and Z
8
3, respectively, where K12 is the Coxeter-Todd lattice of rank 12.
By using the fusion rules of these subVOAs, we show that the automorphism groups
of V τΛ and (V
τ
K12
)⊗2 have the shapes 312.2 Suz :2 and (Ω−8 (3):2) ≀ Z2, respectively. By
a lifting theory in simple current extensions, we show that the normalizers in AutV ♯
of the corresponding elementary abelian 3-subgroups of order 3 and 38 have the shapes
31+12.2 Suz :2 and 38.Ω−8 (3).2, respectively. Indeed, they are the stabilizers of the subVOAs
V τΛ and (V
τ
K12
)⊗2 in Aut V ♯, respectively. By using the 3-local characterization ofM, we see
that AutV ♯ is isomorphic to M. In particular, these two 3-local subgroups are maximal
in M.
The action of M on a holomorphic VOA of central charge 24 with trivial weight one
space is not enough to characterize the Moonshine VOA. Indeed, by the character theory
of finite groups, a M-invariant (1 + 196883)-dimensional Griess algebra structure has one
parameter, up to isomorphism. We show that it is specified by the additional conditions,
the unitary structure of a VOA and the existence of an Ising vector. By checking that
V ♯ satisfies the conditions and applying the result in [DGL07], we obtain the following
theorem:
Theorem 1.1. The holomorphic vertex operator algebra V ♯ is isomorphic to the Moon-
shine vertex operator algebra V ♮.
Let us explain our methods in more detail.
First, we describe two subgroups H1 and H2 of AutV
♯ of shape 31+13.2 Suz :2 and
38.Ω−8 (2).2, respectively. These subgroups are, in fact, maximal 3-local in M. The main
idea is to use the fusion rules of the orbifold VOAs V τΛ and V
τ
K12
, where K12 denotes the
Coxeter-Todd lattice of rank 12 and τ also denotes a fixed-point free automorphism of
K12 of order 3. It was shown in [CL16] that all irreducible modules of the VOAs V
τ
Λ and
V τK12 are simple currents.
To describe the subgroupH1, we consider the action of Aut V
τ
Λ on the set of isomorphism
classes of irreducible V τΛ -modules and study the lift of automorphisms of V
τ
Λ to those of
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VΛ or V
♯. By using [Sh04], we show that Aut V τΛ is isomorphic to the quotient of the
normalizer of 〈τ〉 in Aut VΛ by 〈τ〉, and the stabilizer H1 in Aut V ♯ of V τΛ is isomorphic to
an extension of Aut V τΛ by Z3. Thus H1 has the shape 3
1+12.2 Suz :2.
For the subgroup H2, we notice that the set of (inequivalent) irreducible V
τ
K12
-modules
R = R(V τK12) forms an elementary abelian 3-group of order 3
8 under the fusion rules. In
fact, it forms an 8-dimensional non-singular quadratic space over F3 of minus type with
respect to the quadratic form defined by lowest weights (see Proposition 2.2). By using
the action of Aut V τK12 on (R, q) as a subgroup of the orthogonal group O(R, q), we show
in Proposition 2.4 that AutV τK12 has the shape Ω
−
8 (3):2 (cf. [LY14]). It is well-known
that the Leech lattice Λ contains K12 ⊥ K12 as a full sublattice (e.g. [KLY03]). Hence
V τΛ contains (V
τ
K12
)⊗2 as a full subVOA, and so does V ♯. By viewing V ♯ as a Z83-graded
simple current extension of (V τK12)
⊗2, we obtain an 8-dimensional maximal totally singular
subspace S♯ of R2(= R⊕R) corresponding to V ♯. By [Sh04] (cf. [Sh07]), the stabilizer of
(V τK12)
⊗2 in AutV ♯ is an extension of the stabilizer of S♯ in Aut(V τK12)
⊗2 ∼= Aut V τK12 ≀ Z2
by Z83. By direct computation, we show that the stabilizer of S
♯ has the shape Ω−8 (3).2.
Hence the stabilizer H2 of (V
τ
K12
)⊗2 in Aut V ♯ has the shape 38.Ω−8 (3).2.
We then show the finiteness of AutV ♯ by using these two subgroups and an argument
of [Ti84] (cf. [Sh14]). Applying the characterization of M of [SS10] as a finite group
containing certain 3-local subgroups, we prove that the full automorphism group of V ♯ is
isomorphic to the Monster simple group M.
Next, we prove that V ♯ is unitary in more general setting. Let V be a self-dual, simple
VOA of CFT-type. Assume that V has an automorphism f of order 3 such that the
fixed-point subspace V 0 of f has a unitary VOA structure and V has a unitary V 0-
module structure. Suppose V has another automorphism g of order 3 commuting with
f and there exists an automorphism ψ of V such that ψ−1fψ = g and ψ−1gψ = f .
Furthermore, we assume that the automorphism groups of V 0 and V 0,0(= V 〈f,g〉) are
compact. Then we show in Theorem 4.8 that V has a unitary VOA structure as an
extension of the unitary V 0-module structure. The key of the proof is that ψ adjusts
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the unitary forms on the irreducible V 0-submodules of V . Then we can define an anti-
linear automorphism of V associated to the unitary form, and check that V is unitary by
straightforward calculations.
To prove that V ♯ is unitary, we check that V ♯ satisfies all the conditions in the theorem.
It was shown in [DLin14] that the lattice VOA VΛ has a unitary VOA structure, and so
does V τΛ . Moreover, one can define unitary module structures on V
Ti
Λ (τ
i), i = 1, 2, by
using the explicit construction of the twisted irreducible modules over a lattice VOA in
[Le85, DL96]. Hence V ♯ is a unitary V τΛ -module. We choose f as the automorphism
of V ♯ that acts on V τΛ , (V
T1
Λ (τ))Z, and (V
T2
Λ (τ
2))Z by 1, ξ and ξ
2, respectively, where
ξ = exp(2π
√−1/3). We can choose a suitable automorphism g of order 3 in O3(H2) so
that (V τΛ )
g is V τL for some sublattice L of Λ, where H2 is the subgroup of Aut V
♯ we have
already described. Since f and g belong to O3(H2) and they correspond to singular vectors
in (R, q), there exists an automorphism ψ ∈ H2 that exchanges f and g by conjugation.
We know that the automorphism group of V 0(= V τΛ ) is finite. By V
0,0 = V τL , we can show
that the automorphism group of V 0,0 is also finite by a similar argument. Hence V ♯ has
a unitary VOA structure.
Finally, we give a characterization of the Moonshine VOA V ♮: If V is a strongly regular,
holomorphic VOA of central charge 24 satisfying the following: (a) V1 = 0; (b) V is a
unitary VOA; (c) Aut V is isomorphic to M; (d) the action of AutV on V2 is non-trivial;
(e) V contains an Ising vector compatible with the unitary structure of V , Then V is
isomorphic to V ♮.
For such a V , we prove that the map e 7→ τe is bijective from the set of Ising vectors in
V to the set of 2A-elements of M (see Lemma 6.5), where τe is the τ -involution associated
to e [Mi96]. The main task is to prove the injectivity and the key observation is that
Ising vectors defining the same τ -involution must be equal or orthogonal to each other
[Mi96]. Note that the assumption (b) is required in [Mi96]. By the assumptions (c)
and (d), the Griess algebra V2 is decomposed into a direct sum of two irreducible M-
modules of dimension 1 and 196883. Here the 1-dimensional submodule is spanned by the
conformal vector ω of V and the 196883-dimensional irreducible module is the orthogonal
complement ω⊥. For an Ising vector e, let Ie denote the set of all Ising vectors in V2 whose
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τ -involutions coincide with τe. Note that the subspace SpanC Ie is preserved by CM(τe)
and its dimension is at most 48 by the orthogonality of Ie. By the possible dimensions
of irreducible CM(t)-submodules of ω
⊥ for order 2 element t in M, τe must belong to the
conjugacy class 2A. In addition, SpanC Ie is 1-dimensional, that is, Ie = {e}. Hence we
obtain the injectivity.
By the inner product of irreducible characters of M, the commutative algebra structure
on V2 with an invariant form is unique up to scalar on every irreducible M-submodule of
V2. By the one-to-one correspondence, the power of the Ising vector in V2 determines the
scalar, and hence V2 is isomorphic to the Monstrous Griess algebra V
♮
2 as algebras. Our
characterization of V ♮ follows from [DGL07].
The remaining task is to check that V ♯ satisfies (a)–(e). Clearly, V ♯ satisfies (a)–(d).
By an explicit embedding of
√
2E38 into the Leech lattice Λ, it is easy to show that V
τ
Λ
contains V τ√
2E8
as a subVOA. Moreover, all Ising vectors in V θ√
2E8
are described in [LSY07]
and they are compatible with the unitary structure of V√2E8 , where θ is a lift of the −1-
isometry. Since τ commutes with θ, it is straightforward to show V
〈τ,θ〉√
2E8
contains an Ising
vector. Hence, we obtain an Ising vector in V
〈τ,θ〉√
2E8
⊂ V τ√
2E8
⊂ V τΛ , which proves that V ♯
satisfies (e). Therefore, V ♯ is isomorphic to the Moonshine VOA V ♮.
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Notations
〈·, ·〉 the (normalized) invariant bilinear form on a VOA.
an the n-th mode of an element a ∈ V .
AutV the automorphism group of a VOA V .
CG(H) the centralizer of a subgroup H in a group G.
G.H a group extension with normal subgroup G such that the quotient by G is H.
K12 the Coxeter-Todd lattice of rank 12.
M the Monster simple group.
NG(H) the normalizer of a subgroup H in a group G.
Ω−8 (3) the commutator subgroup of the orthogonal group of
8-dimensional quadratic space over F3 of minus type.
O3(G) the maximal normal 3-subgroup of a finite group G.
O(L) the automorphism group of L preserving the inner product 〈·|·〉.
O(R, q) the orthogonal group of the quadratic space R with quadratic form q.
τ a fixed-point free automorphism of a lattice of order 3
or its lift to an automorphism of the lattice VOA of order 3.
Λ the Leech lattice.
R(V ) the set of isomorphism classes of irreducible V -modules.
VL the lattice VOA associated to an even lattice L.
V τΛ the fixed-point subspace of τ in VΛ, a subVOA of VΛ.
V ♮ the Moonshine VOA.
V ♯ the holomorphic VOA of central charge 24 constructed as in (3-1).
wt(M) the lowest L(0)-weight of an irreducible (g-twisted) module M .
ω the conformal vector of a VOA.
W the τ -fixed-point subspace V τK12 of the Lattice VOA VK12 associated to K12
ξ exp(2pi
√−1/3).
Z(G) the center of a finite group G.
Zn the cyclic group of order n.
2. Preliminary
In this section, we will review some fundamental results about VOAs. In addition, we
review the simple current extension and related automorphism groups.
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2.1. Vertex operator algebras. Throughout this article, all VOAs are defined over the
field C of complex numbers. We recall the notion of vertex operator algebras (VOAs) and
modules from [Bo86, FLM88].
A vertex operator algebra (VOA) (V, Y,1, ω) is a Z≥0-graded vector space V =
⊕∞
m=0 Vm
equipped with a linear map
Y (a, z) =
∑
i∈Z
aiz
−i−1 ∈ (EndV )[[z, z−1]], a ∈ V
and the vacuum vector 1 and the conformal vector ω satisfying a number of conditions
([Bo86, FLM88]). We often denote it by V . Note that L(n) = ωn+1 satisfy the Virasoro
relation:
[L(m), L(n)] = (m− n)L(m+ n) + 1
12
(m3 −m)δm+n,0c idV ,
where c is a complex number, called the central charge of V .
A linear automorphism of V is called an automorphism of V if it satisfies
gω = ω and gY (v, z) = Y (gv, z)g for all v ∈ V.
We denote the group of all automorphisms of V by Aut V . A vertex operator subalgebra
(or a subVOA) is a graded subspace of V which has a structure of a VOA such that the
operations and its grading agree with the restriction of those of V and that they share
the vacuum vector. When they also share the conformal vector, we call it a full subVOA.
For an automorphism g of a VOA V , let V g denote the set of fixed-points of g. Clearly
V g is a full subVOA of V .
For g ∈ Aut V of order p, a g-twisted V -module (M,YM) is a C-graded vector space
M =
⊕
m∈CMm equipped with a linear map
YM(a, z) =
∑
i∈Z/p
aiz
−i−1 ∈ (EndM)[[z1/p, z−1/p]], a ∈ V
satisfying a number of conditions ([Le85, DLM00]). We often denote it by M . Note
that an (untwisted) V -module is a 1-twisted V -module and that a g-twisted V -module
is an (untwisted) V g-module. The weight of a homogeneous vector v ∈ Mk is k, where
L(0) = ω1. Note that L(0)v = kv if v ∈ Mk. For a (g-twisted) irreducible V -module M ,
we use wt(M) to denote its lowest weight.
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A VOA is said to be rational if any module is completely reducible. A rational VOA
is said to be holomorphic if it itself is the only irreducible module up to isomorphism. A
VOA is said to be of CFT-type if V0 = C1 , and is said to be C2-cofinite if the codimension
in V of the subspace spanned by the vectors of form u−2v, u, v ∈ V , is finite. A module
is said to be self-dual if its contragredient module (cf. [FHL93, Section 5.2]) is isomorphic
to itself.
2.2. Simple current extension. In this subsection, we review the theory of simple
current extensions and lifts of automorphisms from [SY03, Sh04].
Let V (0) be a simple, rational, C2-cofinite VOA of CFT-type and let {V (α) | α ∈ A} be
a set of inequivalent irreducible V (0)-modules indexed by an abelian group A. A simple
VOA V = ⊕α∈AV (α) is called an A-graded extension of V (0) if V (0) is a full subVOA of V
and V carries a A-grading, i.e., Y (xα, z)xβ ∈ V (α + β) for any xα ∈ V (α), xβ ∈ V (β). In
this case, the group A∗ of all irreducible characters of A acts naturally on V : for χ ∈ A∗,
χ · v = χ(α)v, v ∈ V (α). In other words, V (α) is an eigenspace of A∗ for all α ∈ A and
V (0) is the fixed-points of A∗. An irreducible V (0)-module M is called a simple current
if for any irreducible V (0)-module U , the fusion product U ⊠M is irreducible.
If all V (α), α ∈ A, are simple currents, then V is referred to as an A-graded simple
current extension of V (0). Note that the fusion product V (α)⊠V (β) = V (α+β) holds for
all α, β ∈ A. Let SA be the set of the isomorphism classes of the irreducible V (0)-modules
V (α), α ∈ A. For an automorphism g of V (0), we set SA ◦ g = {M ◦ g| M ∈ SA}, where
M ◦ g denotes the g-conjugate of M , i.e., M ◦ g = M as a vector space and the vertex
operator YM◦g(u, z) = YM(gu, z), for u ∈ V . Note that the lowest weights of M and M ◦g
are the same. Define HA = {h ∈ AutV (0) | SA ◦h = SA}. Then we obtain the restriction
homomorphism from NAut V (A
∗) to HA.
Theorem 2.1 ([Sh04]; see also [SY03]). Let V = ⊕α∈AV (α) be an A-graded simple current
extension of V (0). Then the restriction homomorphism is surjective and its kernel is A∗.
That is, we have a short exact sequence
0 −→ A∗ −→ NAut V (A∗) −→ HA −→ 0.
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2.3. Automorphism group of V τK12. In this subsection, we will determine the automor-
phism group of V τK12 .
Let K12 denote the Coxeter-Todd lattice of rank 12. Let 〈·|·〉 be the inner product of
R⊗ZK12. For the construction and properties of K12, see [CS83]. Let K∗12 denote the dual
lattice of K12. It is well-known that K
∗
12/K12
∼= F63 and the map qK12 : K∗12/K12 → F3,
qK12(x+K12) = 3|x|2 (mod 3) is a non-singular quadratic form of minus type on K∗12/K12.
Let O(K12) denote the automorphism group ofK12 and let τ be a generator of O3(O(K12)),
where O3(G) means the maximal normal 3-subgroup of a finite group G. Then the action
of τ on K12 is fixed-point free and that O(K12)/〈τ〉 is isomorphic to the orthogonal group
O(K∗12/K12, qK12) of the shape 2.Ω
−
6 (3).2
2. Hence the automorphism group O(K12) of K12
has the shape 6.Ω−6 (3).2
2.
Let VK12 be the lattice VOA associated to K12. There exists a lift of τ of order 3 in
Aut VK12, which we denote by the same symbol τ .
Set W = V τK12 . We first review the properties of irreducible W -modules from [CL16].
It follows from [TY13] and [HKL15] that W is rational and C2-cofinite. It is known that
there exist exactly 38 non-isomorphic irreducible W -modules
Sa[x] := Va+K12 [x], T
a[x; i] := V T,aK12(τ
i)[x],
where a ∈ K∗12/K12, i ∈ {1, 2} and x ∈ {0, 1, 2}. We often view i and x as elements
in F3 by modulo 3. For the notation of irreducible W -modules, see [CL16]. Note that
S0[0] = V τK12 . The lowest weights of irreducible W -modules satisfy the following:
wt (Sa[x]) ∈ |a|
2
2
+ Z, wt (T a[x; i]) ∈ 2(1 + x+ |a|
2)
3
+ Z. (2-1)
The fusion products of irreducible W -modules are given as follows ([CL16, Section 5]):
Sa[x] + Sb[y] = Sa+b[x+ y], Sa[x] + T b[y; i] = T b−ia[y + ix; i],
T a[x; 1] + T b[y; 2] = Sb−a[x− y], T a[x; i] + T b[y; i] = T−(a+b)[−(x+ y); 2i],
(2-2)
where + means the fusion product. Recall that the fusion products are commutative and
associative.
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Let R(W ) denote the set of isomorphism classes of irreducible W -modules. We often
identify an irreducible W -modules with its isomorphism class without confusion. One can
easily check that (R(W ),+) has an elementary abelian 3-group structure of order 38. We
view (R(W ),+) as an 8-dimensional vector space over F3. Let q be the map R(W )→ F3
defined by
q(M) ≡ 3wt(M) (mod 3). (2-3)
Proposition 2.2. The map q is a non-singular quadratic form on R(W ) of minus type.
Proof. Let B(M1,M2) := (q(M1 +M2)− q(M1)− q(M2))/2 ∈ F3. By (2-1), we obtain
B(Sa[x], Sb[y]) = 3〈a|b〉, B(Sa[x], T b[y; i]) = −i(3〈a|b〉+ x),
B(T a[x; i], T b[y; j]) = ij(3〈a|b〉 − x− y + 1).
(2-4)
Hence by (2-2), we can easily see that B( , ) is bilinear on R(W ). Clearly B( , ) is non-
singular. By (2-4), we have the orthogonal direct sum of quadratic spaces as follows:
R(W ) = {Sa[0] | a ∈ K∗12/K12} ⊥ SpanF3{S0[1], T 0[2; 1]}.
The former is isomorphic to the 6-dimensional quadratic space (K∗12/K12, qK12) of minus
type and the latter is a 2-dimensional quadratic space of plus type. Hence the type of the
quadratic space (R(W ), q) is minus. 
The following theorem can be proved by the exactly the same argument as in [LY14].
Proposition 2.3 (cf. [LY14, Theorem 5.15]). Let L be a positive-definite even rootless
lattice. Let ν be a fixed-point free isometry of L of prime order p. Let ν also denote a lift
of ν in Aut VL of order p. Then we have an exact sequence
1 −→ Hom(L/(1− ν)L,Zp) −→ NAutVL(ν) −→ NO(L)(ν) −→ 1. (2-5)
Let g ∈ AutW . Consider the map ρ(g): M 7→ M ◦ g on R(W ). Since this action
preserves the fusion products, ρ(g) is a group isomorphism of R(W ). In addition, it
preserves the lowest weights of W -modules and hence ρ(g) preserves the quadratic form
q, also. Hence we obtain a group homomorphism ρ : AutW → O(R(W ), q), where
O(R(W ), q) is the orthogonal group.
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Proposition 2.4. The map ρ is a group monomorphism and the image is the index 2
subgroup of O(R(W ), q) of shape Ω−8 (3):2. In particular, Aut V
τ
K12
has the shape Ω−8 (3):2.
Proof. Recall that VK12 is a simple current extension of W graded by an cyclic group A of
order 3. Set N = NAutVK12 (A
∗)/A∗ and SA = {S0[0], S0[1], S0[2]}. By Theorem 2.1 and
VK12
∼=⊕2x=0 S0[x] as W -modules, we obtain
N = {g ∈ AutW | SA ◦ g = SA}. (2-6)
Clearly, Kerϕ is a subgroup of N . By Proposition 2.3 and the fact that O3(O(K12)) = 〈τ〉,
we obtain an exact sequence
1→ Hom(K12/(1− τ)K12,F3)→ N → O(K12)/〈τ〉 → 1. (2-7)
Since O(K12)/〈τ〉 acts faithfully on K∗12/K12, one can see that N also acts faithfully on
R(W ) by a similar calculation as in [Sh04, Proposition 2.9]. Hence Kerϕ is trivial.
Next we determine AutW . In [LY14], a subgroup H of AutW of shape Ω−8 (3):2 was
constructed. Since |O(R(W ), q)/(Ω−8 (3):2)| = 2, we have AutW = H or AutW ∼=
O(R(W ), q). Suppose that AutW ∼= O(R(W ), q). Then AutW has the central ele-
ment h of order 2, and for M ∈ R(W ), M ◦ h = M ′, where M ′ ∈ R(W ) such that
M⊠M ′ =W . Hence h preserves {S0[0], S0[1], S0[2]}, and by (2-6), we have h ∈ N . Since
Z(O(K12)/〈τ〉) ∼= Z2 and its action on Hom(K12/(1 − τ)K12,F3) is non-trivial in (2-7),
we have Z(N) = 1, which is a contradiction. Thus we obtain AutW = H . 
Remark 2.5. In fact, the automorphism group of V τK12 of shape Ω
−
8 (3):2 is isomorphic to
+Ω−(8, 3) (see [LY14, Theorem 5.64]).
3. Automorphism group of the holomorphic VOA V ♯
In this section, we review a construction of the holomorphic VOA V ♯ from [Mi13] and
construct some 3-local subgroups of the automorphism group Aut V ♯ of V ♯. By using
those subgroups, we will show that Aut V ♯ is finite. In addition, we will show that AutV ♯
is isomorphic to the Monster simple group based on a 3-local characterization of the
Monster simple group.
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3.1. Holomorphic VOA V ♯. In this subsection, we review the construction of the holo-
morphic VOA V ♯ and its properties from [Mi13].
Let Λ denote the Leech lattice and let τ be a fixed-point free isometry of Λ of order
3. There exists a lift of τ of order 3 in Aut VΛ, which we denote by the same symbol τ .
The orbifold VOA V τΛ is rational and C2-cofinite [TY13]. It is well-known [DLM00] that
the Leech lattice VOA VΛ has exactly one irreducible τ
i-twisted module for i = 1, 2. We
denote these twisted modules by V T1Λ (τ) and V
T2
Λ (τ
2), respectively. We also define the
V τΛ -module
V ♯ :=V τΛ ⊕ (V T1Λ (τ))Z ⊕ (V T2Λ (τ 2))Z, (3-1)
where (V TiΛ (τ
i))Z is the subspace of V
Ti
Λ (τ
i) of integral weights.
Theorem 3.1. ([Mi13]) The V τΛ -module V
♯ has a VOA structure as a Z3-graded simple
current extension of V τΛ . In addition, V
♯ is of CFT-type, C2-cofinite, holomorphic and
V ♯1 = 0.
3.2. 3-local characterization of the Monster simple group. In this subsection, we
recall a 3-local characterization of the Monster simple group from [SS10].
Theorem 3.2 ([SS10, Theorem 1.1]). Let G be a finite group and S a Sylow 3-subgroup
of G. Let H1 and H2 be subgroups of G containing S such that
(i) H1 = NG(Z(O3(H1))), O3(H1) is an extraspecial group of order 3
13,
H1/O3(H1) ∼= 2Suz :2 and CH1(O3(H1)) = Z(O3(H1));
(ii) H2/O3(H2) ∼= Ω−8 (3).2, O3(H2) is an elementary abelian group of order 38 and
O3(H2) is a natural H2/O3(H2)-module;
(iii) (H1 ∩ H2)/O3(H2) is an extension of an elementary abelian group of order 36 by
2 · PSU4(3):22.
Then G is isomorphic to the largest sporadic simple group, the Monster.
We will construct explicitly certain subgroups H1 and H2 of Aut V
♯ such that H1 and
H2 satisfy the hypotheses (i), (ii) and (iii) of the theorem above.
3.3. A subgroup of the shape 31+12(2 Suz :2) of Aut V ♯. In this subsection, we con-
struct a subgroup of Aut V ♯ satisfying (i) of Theorem 3.2.
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Since V ♯ is a Z3-graded simple current extension of V
τ
Λ as in (3-1), there is a natural
automorphism τ ′ of order 3 which acts on V ♯ as 1 on V τΛ , as ξ on (V
T1
Λ (τ))Z, and as ξ
2
on (V T2Λ (τ
2))Z, where ξ = exp(2π
√−1/3).
Proposition 3.3. Set H1 = NAutV ♯(〈τ ′〉). Then O3(H1) is an extra-special 3-group of
order 313, Z(O3(H1)) = 〈τ ′〉, H1/O3(H) ∼= 2Suz :2, and CH1(O3(H1)) = Z(O3(H1)). In
particular, the subgroup H1 = NAutV ♯(〈τ ′〉) satisfies the hypothesis (i) of Theorem 3.2.
Proof. Let A be the cyclic group of order 3 corresponding the grading of V ♯ as a simple
current extension of V τΛ . Note that A
∗ = 〈τ ′〉. Let SA be the set of isomorphism classes
of three irreducible V τΛ -modules V
τ
Λ , (V
T1
Λ (τ))Z, and (V
T2
Λ (τ
2))Z. Set HA = {h ∈ AutV τΛ |
SA ◦ h = SA}. Recall that V τΛ has exactly nine irreducible modules and only (V T1Λ (τ))Z
and (V T2Λ (τ
2))Z have the lowest weight 2 (see [Mi13, TY13]). Hence SA is invariant under
the action of Aut V τΛ . Thus we obtain HA = Aut V
τ
Λ . By Theorem 2.1, we obtain a short
exact sequence
1 −→ 〈τ ′〉 −→ H1 −→ AutV τΛ −→ 1. (3-2)
Let us determine Aut V τΛ . For i = 1, 2, let V
τ
Λ [i] be the eigenspace of τ in VΛ with
eigenvalue ξi. By [Mi13],
VΛ = V
τ
Λ ⊕ V τΛ [1]⊕ V τΛ [2]
is a Z3-graded simple current extension of V
τ
Λ . Let B be the cyclic group of order 3
corresponding to the Z3-grading. Note that B
∗ = 〈τ〉. Let SB be the set of isomorphism
classes of irreducible V τΛ -modules V
τ
Λ , V
τ
Λ [1], and V
τ
Λ [2]. Set HB := {h ∈ Aut V τΛ | SB ◦h =
SB}. Since V τΛ [1] and V τΛ [2] are the only irreducible modules of V τΛ with the lowest weight
1, we have HB = AutV
τ
Λ . Then by Proposition 2.1, we have a short exact sequence
0 −→ 〈τ〉 −→ NAut VΛ(〈τ〉) −→ Aut V τΛ −→ 0.
Hence by Proposition 2.3, we obtain
Aut V τΛ
∼= NAut VΛ(〈τ〉)/〈τ〉 ∼= 312.NO(Λ)(〈τ〉)/〈τ〉. (3-3)
Z3-ORBIFOLD CONSTRUCTION OF THE MOONSHINE VOA 15
According to [CCN+85, p180], we have NO(Λ)(〈τ〉)/〈τ〉 ∼= 2Suz :2. By (3-2) and (3-3),
O3(H1) is a 3-group of order 3
13 and H1/O3(H1) ∼= 2Suz :2.
Next, we will show that the subgroup O3(H1) is extra-special. Let Z be the center of
O3(H1). Note that O3(H1)/〈τ ′〉 is an elementary abelian 3-group of order 312 and that
τ ′ ∈ Z. Hence it suffices to show that Z = 〈τ ′〉. Since the action of H1 on O3(H1)/〈τ ′〉
by the conjugation is irreducible and it preserves Z, we have Z = O3(H1) or Z = 〈τ ′〉.
Let us consider the action of O3(H1) on the V
τ
Λ -submodule (V
Ti
Λ (τ
i))Z = (S[τ
i]⊗Ti)Z of
V ♯, where S[τ i] is a τ i-twisted Heisenberg algebra and Ti is a 3
6-dimensional irreducible
module over C for the τ i-twisted central extension of Λ by Z/6Z associated to the commu-
tator map in [DL96, Remark 2.2]. Clearly, O3(H1) preserves (V
Ti
Λ (τ
i))Z. Let g ∈ O3(H1).
Then g = 1 on the subspace M(1)τ of V τΛ , where M(1) is the Heisenberg subVOA of VΛ.
Hence g acts on Ti by g(x⊗ t) = x⊗ g(t), where x ∈ S[τ ] and t ∈ Ti.
Suppose Z = O3(H1). Then O3(H1) is an elementary abelian 3-group of order 3
13 by
the irreducibility. It follows from dimTi = 3
6 that there exists 1 6= h ∈ O3(H1) such that
h = 1 on Ti. Then h = 1 on (S[τ ] ⊗ Ti)Z. Since V τΛ is simple, (S[τ ] ⊗ Ti)Z is a faithful
V τΛ -module. Thus h = 1 on V
τ
Λ . In addition, V
♯ is a Z3-graded simple current extension
of V τΛ , we have h = 1 on V
♯, which contradicts the choice of h. Therefore Z = 〈τ ′〉, and
O3(H1) is an extra-special 3-group 3
1+12.
Finally, let us show CH1(O3(H1)) = Z(O3(H1)). The conjugate action of H1/O3(H1) on
O3(H1)/Z(H1) is faithful. Hence CH1(O3(H1)) ⊂ Z(O3(H1)) = 〈τ ′〉. Clearly, Z(O3(H1)) ⊂
CH1(O3(H1)). Thus we have CH1(O3(H1)) = Z(O3(H1)). 
3.4. A subgroup of the shape 38.Ω−8 (3).2. In this subsection, we construct a subgroup
of Aut V ♯ satisfying the hypothesis (ii) of Theorem 3.2.
Let us consider an explicit embedding of K12 ⊥ K12 into the Leech lattice. Recall from
[KLY03, (A.3) and (A.4)] that the Leech lattice Λ can be constructed as an overlattice of
a sublattice N of the type
√
2A122 and a pair of the Z3-code D and the F4-code C = H⊕H
as glue codes, where H is the hexacode and D is the ternary code given by the generator
matrix
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

1 1 0 0 0 0 1 0 0 0 0 0
1 2 0 0 0 0 0 1 0 0 0 0
0 0 1 1 0 0 0 0 1 0 0 0
0 0 1 2 0 0 0 0 0 1 0 0
0 0 0 0 1 1 0 0 0 0 1 0
0 0 0 0 1 2 0 0 0 0 0 1


.
More precisely, N∗/N ∼= F124 × Z123 and Λ/N ∼= C × D, where N∗ is the dual lattice of N .
Notice that D is isomorphic to a sum of 3 ternary tetra-codes and that the overlattice of
N corresponding to C is isomorphic to K12 ⊥ K12.
Lemma 3.4. There exists an isometry in CO(Λ)(τ) such that it stabilizes LC and permutes
the two orthogonal copies of K12.
Proof. Let s = (1, 7)(2, 8)(3, 9)(4, 10)(5, 11)(6, 12) be the permutation of the 12 coordi-
nates of N∗/N with respect to the generator matrix above. Let ε be the automorphism
of N∗/N of order 2 which acts as 1 on {1, 2, 3, 4, 5, 6} and as −1 on {7, 8, 9, 10, 11, 12}.
Then h′ = εs stabilizes both codes D and C and induces a transposition on the two copies
of H in C. Hence, it induces an isometry h ∈ O(Λ) such that h(LC) = LC and it acts on
the two orthogonal copies of K12 as a transposition.
By viewing τ as the isometry of Λ of order 3 induced from that of the sublattice
N ∼=
√
2A122 , we know that K12 ⊥ K12 is invariant under τ . Notice that the fixed-point
free isometry of
√
2A2 of order 3 fixes the three cosets in 2(
√
2A2)
∗/
√
2A2 and acts as a
cyclic permutation on the three non-zero elements of 1
2
√
2A2/
√
2A2(∼= F4). Now it is easy
to check that h commutes with τ . 
By the embeddingK12 ⊥ K12 ⊂ Λ, we have (VK12)⊗2 ⊂ VΛ. Then we have an embedding
(V τK12)
⊗2 ⊂ V τΛ . Set W = V τK12 and W 2 = (V τK12)⊗2.
Lemma 3.5. There exists an automorphism µ of V ♯ such that µ(W 2) = W 2, µ(W ⊗1) =
1⊗W and µ(1⊗W ) = W ⊗ 1.
Proof. It follows from Lemma 3.4 and Propositions 2.3 and 3.3. 
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Under the fusion product, R = R(W ) forms an 8-dimensional vector space over F3. The
(non-singular) quadratic form q on R of minus type was given in Section 2.3. Since any
irreducible W 2-module is a simple current, V ♯ is a simple current extension ofW 2. Let S♯
be the subgroup of R2(= R × R) such that V ♯ ∼=⊕(M1,M2)∈S♯ M1 ⊗M2 as W 2-modules.
Note that the map q2 : R2 → F3, q2(a, b) = q(a) + q(b) is a quadratic form on R2.
First, we determine the automorphism group of W 2.
Lemma 3.6. The automorphism group of W 2 is AutW ≀ Z2.
Proof. We view AutW 2 as a subgroup of O(R2, q2). Then AutW 2 preserves not only
q2 but also the lowest weights of elements of R2. Hence AutW 2 stabilizes the subset
of R2 with the lowest weight 2/3, {(M,W ), (W,M) ∈ R2 | q(M) = 1}. By a similar
argument as in [Sh11, Proposition 4.16], AutW 2 is a subgroup of O(R, q) ≀ Z2. Clearly,
AutW ≀ Z2 ⊂ AutW 2. By Proposition 2.4, Z(O(R, q)) ∩ AutW = 1. Since O(R, q) ∼=
Z(O(R, q))×AutW , we have this lemma. 
Next, we show some properties of S♯.
Lemma 3.7. (1) The subspace S♯ of (R2, q2) is maximal totally singular, and |S♯| = 38.
(2) There exists a unique linear isomorphism η : R → R such that S♯ = {(M, η(M)) |
M ∈ R}.
(3) The map η in (2) satisfies q(η(M)) = −q(M) for all M ∈ R. In particular, η is an
outer automorphism of O(R, q).
Proof. Let (M1,M2) ∈ S♯. By (2-3), we have
q2(M1,M2) = q(M1) + q(M2) ≡ 3wt(M1 ⊗M2) mod 3.
Since M1 ⊗M2 appears in V ♯ as an irreducible W 2-submodule, wt(M1 ⊗M2) ∈ Z, and
q2(M1,M2) = 0 in F3. Hence S
♯ is totally singular. It follows from |Λ/(K12 ⊥ K12)| = 36
that V τΛ is a direct sum of (non-isomorphic) 3
6 irreducible V τK12⊥K12-modules. Hence V
τ
Λ
is a direct sum of (non-isomorphic) 37 irreducible W 2-modules. Since V ♯ is a Z3-graded
simple current extension of V τΛ , we have |S♯| = 38. Since (R2, q2) is a 16-dimensional
quadratic space of plus type, S♯ is maximal, and we obtain (1).
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Let (M,W ) or (W,M) ∈ S♯. It follows from wt(W ) = 0 that wt(M) = wt(M ⊗W ).
Since (S♯)1 = 0 and wt(M) ∈ {0, 2/3, 4/3, 1}, we have wt(M) = 0. Hence M = W , and
there exists a subset Q of R and an injective map η : Q→ R such that S♯ = {(M, η(M)) |
M ∈ Q}. Since S♯ is a subspace, so is Q. By (1), dimR = dimS♯. Hence Q = R and η is
a linear isomorphism, which proves (2).
It follows from wt(M ⊗ η(M)) ∈ Z that q(M) + q(η(M)) = 0 for all M ∈ R, that is,
q(η(M)) = −q(M) for all M ∈ R. For any g ∈ O(R, q) and M ∈ R, we have
q(ηgη−1(M)) = −q(gη−1(M))) = −q(η−1(M)) = q(M).
Hence η is an outer automorphism of O(R, q), and we obtain (3). 
Let ρ : AutW → O(R, q) be the group monomorphism obtained in Proposition 2.4.
Set P = ρ(AutW ), which has the shape Ω−8 (3):2. Since η is an outer automorphism (cf.
Lemma 3.7 (3)), we have ηPη−1 ⊂ O(R, q) but ηPη−1 6⊂ P .
Let K be the commutator subgroup of ρ(AutW ), which has the shape Ω−8 (3). Then
for g ∈ K, we have ηgη−1 ∈ K. Hence K = ηKη−1 = ηPη−1 ∩ P . Let
γ : K → K ×K, g 7→ (g, ηgη−1).
Clearly, γ is injective, and by Lemma 3.7 (2), γ(K) preserves S♯.
Proposition 3.8. Let µ¯ be the automorphism of W 2 defined as the restriction of the
automorphism µ of V ♯ given in Lemma 3.5. The stabilizer of S♯ in AutW 2 is generated
by γ(K) and µ¯, and it has the shape Ω−8 (3).2.
Proof. Let G denote the stabilizer of S♯ in AutW 2. We have already mentioned that
γ(K) ⊂ G. Since µ is an automorphism of V ♯, we have µ¯ ∈ G. Recall from Lemma 3.6
that AutW 2 ∼= AutW ≀Z2. Hence any automorphism of W 2 stabilizes both the subVOAs
W ⊗ 1 and 1⊗W or permutes them.
Let f ∈ G such that f stabilizes both W ⊗ 1 and 1 ⊗ W . Then f = (f1, f2) ∈
(AutW×AutW )∩G. In this case, f2η(M) = η(f1(M)) for allM ∈ R. Hence f2 = ηf1η−1
on R, and (f1, f2) ∈ γ(K).
Now let f ∈ G such that f permutes W ⊗ 1 and 1 ⊗W . Then fµ¯−1 ∈ G stabilizes
both W ⊗1 and 1⊗W . Hence, by the argument above, we have fµ¯−1 ∈ γ(K), and hence
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f ∈ γ(K)µ¯. Since µ¯2 stabilizes bothW ⊗1 and 1⊗W , we have µ¯2 ∈ γ(K), which implies
that the shape of 〈γ(K), µ¯〉 is Ω−8 (3).2. 
By Lemma 3.7 (1), V ♯ is a simple current extension of W 2 graded by S♯ ∼= Z83. By
Lemma 3.7 (2), the map from S♯ to R given by (M, η(M)) 7→M is a linear isomorphism.
We identify S♯ with R by this map and we view V ♯ is an R-graded simple current extension
of W 2. Let ϕM denote the linear automorphism of V
♯ associated to M ∈ R such that
ϕM(v) = ξ
B(M,U)v for v ∈ U ⊗ η(U), U ∈ R, (3-4)
where B(·, ·) is the bilinear form on R given in (2-4) and ξ = exp(2π√−1/3). By the
R-grading of V ♯, we have Aut V ♯ ⊃ R∗ = {ϕM | M ∈ R} ∼= Z83. By Theorem 2.1 and
Proposition 3.8, we obtain the following:
Proposition 3.9. The normalizer of R∗ in AutV ♯ has the shape 38.Ω−8 (3).2. In particu-
lar, the subgroup H2 = NAutV ♯(R
∗) satisfies the hypothesis (ii) of Theorem 3.2.
The following lemma will be used in the later sections.
Lemma 3.10. There exists an elementary abelian 3-subgroup E of R∗ of order 32 such
that CAutV ♯(a) is finite for all a ∈ E \ {1}.
Proof. Let x ∈ {1, 2}. Recall that S0[x] is the eigenspace of τ in VK12 with eigenvalue
ξx. It follows from wt(S0[x]) ∈ Z that S0[x] is non-zero singular in (R, q). By (2-4),
S0[x]⊥ = {Sa[y] | a ∈ K∗12/K12, y ∈ F3}, where S0[x]⊥ is the orthogonal complement
of S0[x] with respect to B(·, ·). Hence V τΛ ∼=
⊕
M∈S0[x]⊥M ⊗ η(M) as W 2-modules.
By (2-4) again, ϕS0[x] = (τ
′)x on V ♯, and hence CAutV ♯(ϕS0[x]) is finite by Proposition
3.3. Note that if a ∈ Aut V ♯ is conjugate to ϕS0[x], then CAutV ♯(a) is also finite. Since
NAutV ♯(R
∗)/R∗ contains the subgroup of shape Ω−8 (3) that acts on R
∗ as a natural module,
ϕM associated to a non-zero singular element M ∈ R is conjugate to ϕS0[1] or ϕS0[2] under
NAutV ♯(R
∗). Hence for a 2-dimensional totally singular subspace X of R, the abelian
group {ϕM |M ∈ X} satisfies the desired condition. 
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3.5. The intersection of the two subgroups. In Sections 3.3 and 3.4, we have con-
structed the following two subgroups of V ♯:
H1 = NAutV ♯(〈τ ′〉) ∼= 31+12.(2. Suz :2),
H2 = NAutV ♯(R
∗) ∼= 38.Ω−8 (3).2.
In this subsection, we check the remaining condition about H1 ∩H2 in Theorem 3.2.
Lemma 3.11. The intersection H1∩H2 has the shape 38.(36.(2PSU4(3).22)). In particular,
the subgroup H1 ∩H2 satisfies the hypothesis (iii) of Theorem 3.2.
Proof. Set W = V τK12 and R = R(W ) as in Section 3.4. We consider the inclusion
W 2 ⊂ V τΛ ⊂ V ♯ based on the inclusion K12 ⊥ K12 ⊂ Λ in Section 3.4. Then τ ′ ∈ O3(H2),
and O3(H2) is a normal subgroup of H1 ∩H2. In addition,
(H1 ∩H2)/O3(H2) = {g ∈ H2/O3(H2) | g〈τ ′〉g−1 = 〈τ ′〉}.
Recall from the proof of Lemma 3.10 that τ ′ = ϕS0[1]. Hence (H1∩H2)/O3(H2) is the sta-
bilizer of the 1-dimensional singular subspace SpanF3{S0[1]} in Ω−8 (3).2, and has the shape
36 : (2.PSU4(3).2
2) by [CCN+85, p141]. ThereforeH1∩H2 ∼= 38.(36 : (2.PSU4(3).22)). 
3.6. Finiteness of groups. In this subsection, we show that Aut V ♯ is finite.
First, we prove the finiteness of the automorphism group of a VOA under a slightly
general situation. The following is a modification of [Ti84, Theorem (iv)] and [Sh14,
Proposition 2.25].
Theorem 3.12. Let G be an algebraic group and p a prime number. Assume that G
contains an elementary abelian p-subgroup E of order p2 such that CG(a) is finite for any
a ∈ E \ {1}. Then G is finite.
Proof. Let G0 be the connected component of G containing the identity. Then G0 is
normal in G. For any x ∈ G, the map ζx : G0 → G0, g 7→ x−1gx defines an automorphism
in AutG0. Let Lie(G0) be the Lie algebra ofG0. Then the canonical group homomorphism
from AutG0 to AutLie(G0) is injective.
Now suppose G0 6= {1}. Let a ∈ E \ {1}. Since CG(a) is finite, ζa induces a non-trivial
automorphism in Aut(Lie(G0)), and the fixed-point of ζa is 0, only. Let b ∈ E \〈a〉. Since
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ζa commutes with ζb, there is a common eigenvector v in Lie(G
0). That means
ζa(v) = exp(2π
√−1i/p)v and ζb(v) = exp(2π
√−1j/p)v
for some 1 ≤ i, j ≤ p − 1. Since p is prime, we have ζjaζ−ib = ζajb−i ∈ E \ {1}, and
ζjaζ
−i
b (v) = v, which is a contradiction. Hence G
0 = {1} and G is finite. 
Corollary 3.13. Let V be a VOA. Assume that V is rational or C2-cofinite. Moreover,
we assume that AutV contains an elementary abelian p-group A of order p2 such that
CAutV (a) is finite for any a ∈ A \ {1}. Then the full automorphism group Aut V is finite.
Proof. Since V is C2-cofinite or rational, V is finitely generated. Thus, by [DG02], Aut V
is an algebraic group. The conclusion now follows from Theorem 3.12. 
Combining Lemma 3.10 and Corollary 3.13, we obtain the following theorem:
Theorem 3.14. The group Aut V ♯ is finite.
Let us consider a Sylow 3-subgroup of Aut V . Recall from Proposition 3.3 that H1 =
NAutV ♯(〈τ ′〉) ∼= 31+12.(2. Suz :2) and that Z(O3(H1)) = 〈τ ′〉.
Lemma 3.15. The subgroup H1 contains a Sylow 3-subgroup of AutV
♯, and a Sylow
3-subgroup of Aut V ♯ has order 320.
Proof. Let P be a Sylow 3-subgroup of H1, and let P˜ be a Sylow 3-subgroup of AutV
♯
such that P ⊂ P˜ . Let us show that Z(P˜ ) = Z(O3(H1)). Since P ⊂ P˜ , we have 1 6=
Z(P˜ ) ⊂ Z(P ). Recall from Proposition 3.3 that CH1(O3(H1)) = Z(O3(H1)). It follows
from O3(H1) ⊂ P that Z(P ) ⊂ CH1(O3(H1)) = Z(O3(H1)). Clearly, Z(O3(H1)) ⊂ Z(P ),
and Z(P ) = Z(O3(H1)) ∼= Z3. Hence Z(P ) = Z(P˜ ). Thus P˜ ⊂ H1, and P = P˜ .
Now note that the sporadic Suzuki group Suz has order 213 · 37 · 52 · 7 · 11 · 13 and hence
a Sylow 3-subgroup of H1 ∼= 31+12.(2. Suz :2) has order 320. 
Theorem 3.16. The full automorphism group of V ♯ is isomorphic to the Monster group.
Proof. By Theorem 3.14 and Lemma 3.15, Aut V ♯ is finite and a Sylow 3-subgroup has
order 320. By [CCN+85, p52], we have |PSU(4, 3)| = 27 · 36 · 5 · 7, and hence H1 ∩ H2
contains a Sylow 3-subgroup of Aut V ♯ by Lemmas 3.11 and 3.15. Clearly, H1 and H2
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contain a common Sylow 3-subgroup of Aut V ♯. Moreover, by Propositions 3.3 and 3.9
and Lemma 3.11, the subgroups H1 and H2 satisfy the hypotheses (i), (ii) and (iii) in
Theorem 3.2. Thus, we have Aut V ♯ ∼= M. 
4. Unitary VOA
4.1. Unitary VOA and unitary modules. In this subsection, we recall the notion of
unitary VOAs and unitary modules from [DLin14].
Definition 4.1. Let (V, Y,1, ω) be a vertex operator algebra. An anti-linear isomorphism
φ : V → V is called an anti-linear automorphism of V if φ(1) = 1, φ(ω) = ω and
φ(unv) = φ(u)nφ(v) for any u, v ∈ V and n ∈ Z. An anti-linear involution of V is an
anti-linear automorphism of order 2.
Definition 4.2 ([DLin14]). Let (V, Y,1, ω) be a vertex operator algebra and let φ : V → V
be an anti-linear involution of V . Then (V, φ) is said to be unitary if there exists a positive-
definite Hermitian form ( , )V : V × V → C, which is C-linear on the first vector and
anti-C-linear on the second vector, such that the following invariant property holds for
any a, u, v ∈ V :
(Y (ezL(1)(−z−2)L(0)a, z−1)u, v)V = (u, Y (φ(a), z)v)V ,
where L(n) is defined by Y (ω, z) =
∑
n∈Z L(n)z
−n−2.
Remark 4.3. Let (V, φ) be a simple unitary VOA with invariant Hermitian form (·, ·)V .
Then V is self-dual and of CFT-type ([CKLW, Proposition 5.3]), and V has a unique in-
variant symmetric bilinear form 〈·, ·〉 up to scalar ([Li94]). Normalizing (1,1)V = 〈1,1〉 =
1, we obtain (u, v)V = 〈u, φ(v)〉 for all u, v ∈ V . Note that (φ(u), φ(v))V = (u, v)V =
(v, u)V for u, v ∈ V .
Definition 4.4 ([DLin14]). Let (V, φ) be a unitary VOA and g a finite order automor-
phism of V . An (ordinary) g-twisted V -module (M,YM) is called a unitary g-twisted
V -module if there exists a positive-definite Hermitian form ( , )M : M ×M → C such
that the following invariant property holds for a ∈ V and w1, w2 ∈ M :
(YM(e
zL(1)(−z−2)L(0)a, z−1)w1, w2)M = (w1, YM(φ(a), z)w2)M . (4-1)
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We call such a form a positive-definite invariant Hermitian form.
The following lemma follows from the similar argument as in [FHL93, Remark 5.3.3].
Lemma 4.5 (cf. [FHL93, Remark 5.3.3]). Let (V, φ) be a unitary VOA. Let M be a V -
module and let M ′ be the contregredient module of M with a natural pairing 〈·, ·〉 between
M and M ′.
(1) If M has a non-degenerate invariant sesquilinear form (·, ·), which is linear on
the first vector and anti-C-linear on the second vector and satisfies the invariant
property (4-1), then the map Φ : M →M ′ defined by (u, v) = 〈u,Φ(v)〉, u, v ∈M ,
is an anti-linear bijective map and Φ(anu) = φ(a)nΦ(u) for a ∈ V and u ∈ M .
(2) If there exists an anti-linear bijective map Φ : M → M ′ such that Φ(anu) =
φ(a)nΦ(u) for a ∈ V and u ∈ M , then (u, v) = 〈u,Φ(v)〉, u, v ∈ M , is a non-
degenerate invariant sesquilinear form on M .
Lemma 4.6. Let (V, φ) be a unitary VOA. Let M be an irreducible V -module. Then there
exists at most one non-degenerate invariant sesquilinear form on M (up to scalar).
Proof. By Lemma 4.5, a non-degenerate invariant sesquilinear form on M is uniquely
determined by an anti-linear bijective map Φ : M → M ′ such that Φ(unw) = φ(u)nΦ(w)
for any u ∈ V and w ∈ M .
Let Φ1 and Φ2 be two such maps. Then it is straightforward to show that Φ
−1
2 Φ1 is a
C-linear map and is a V -module isomorphism from M to M . Then, by Schur’s lemma,
Φ−12 Φ1 = λidM for some scalar λ and we have the desired conclusion. 
Proposition 4.7. ([CKLW, Theorem 5.21]) Let (V, φ) be a unitary VOA. Assume that
Aut V is compact. Then the following hold:
(1) Any automorphism of V commutes with φ.
(2) A positive-definite invariant Hermitian form on V is preserved by any automorphism
of V .
4.2. Unitary VOA structure on Z23-graded VOA. In this subsection, we prove the
following theorem about a unitary VOA structure on a Z23-graded VOA, which will be
applied to the holomorphic VOA V ♯, later.
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Theorem 4.8. Let V be a self-dual, simple VOA of CFT-type. Assume that V has two
commuting automorphisms f and g of order 3. For i, j ∈ Z, set V i,j = {v ∈ V | f(v) =
ξiv, g(v) = ξjv}, where ξ = exp(2π√−1/3). Set V i =⊕2j=0 V i,j. Assume the following:
(A) There exists an anti-linear involution φ of V 0 such that (V 0, φ) is a unitary VOA;
(B) For i ∈ {1, 2}, V i is a unitary (V 0, φ)-module;
(C) There exists an automorphism ψ of V such that ψ−1fψ = g and ψ−1gψ = f ;
(D) Both the full automorphism groups of V 0,0 and V 0 are compact;
Then there exist an anti-linear involution Φ of V such that (V,Φ) is a unitary VOA.
Remark 4.9. (1) For i, j, k, ℓ ∈ Z, we have V i,j = V i+3k,j+3ℓ.
(2) Let i, j, k, ℓ ∈ Z. Since the V 0,0-module V i,j is irreducible and V = ⊕0≤i,j≤2 V i,j is
Z23-graded, we have SpanC{unv | u ∈ V i,j, v ∈ V k,ℓ, n ∈ Z} = V i+k,j+ℓ.
(3) By the Z3-grading of V , the contragredient module of V
i is V 2i. Let 〈·, ·〉 be the
symmetric invariant bilinear form of V such that 〈1,1〉 = 1. Then this form gives
a natural pairing between V 1 and V 2. Moreover, since V is of CFT-type, for any
automorphism h of V , we have 〈u, v〉 = 〈h(u), h(v)〉 for u, v ∈ V .
(4) By the Z23-grading of V , the contragredient module of V
i,j is isomorphic to V 2i,2j .
Let V be a VOA satisfying the assumptions of the theorem above. Let (·, ·)V 0 be the
positive-definite invariant Hermitian form on V 0 normalized so that (1,1)V 0 = 1. Let
〈·, ·〉 be the normalized symmetric invariant bilinear form on V such that 〈1,1〉 = 1.
Note that (u, v)V 0 = 〈u, φ(v)〉 for u, v ∈ V 0 by Remark 4.3. By the assumption (C),
ψ(V 0) = V 0,0 ⊕ V 1,0 ⊕ V 2,0 is also a unitary VOA with the anti-linear automorphism
ψφψ−1 and a positive-definite invariant Hermitian form
(a, b)ψ(V 0) = (ψ
−1(a), ψ−1(b))V 0 for a, b ∈ ψ(V 0). (4-2)
Note that ψφψ−1 = φ on V 0,0 by the assumption (D) and Proposition 4.7 (2).
Let i ∈ {1, 2}. By Lemma 4.6, a positive-definite invariant Hermitian form on the
unitary (V 0,0, φ)-module V i,0 is unique up to scalar. We may choose a positive-definite
invariant Hermitian form (·, ·)V i on V i so that
(u, v)V i = (u, v)ψ(V 0) for u, v ∈ V i,0. (4-3)
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By Lemma 4.5 and Remark 4.9 (3), there exists an anti-linear bijective map Φi : V i → V 2i
such that Φi(anv) = φ(a)nΦ
i(v) for a ∈ V 0 and v ∈ V i and
(u, v)V i = 〈u,Φi(v)〉 for u, v ∈ V i. (4-4)
By (4-2), (4-3) and (4-4), for any u, v ∈ V i,0, we have
〈u,Φi(v)〉 = (u, v)V i = (ψ−1(u), ψ−1(v))V 0 = 〈ψ−1(u), φψ−1(v)〉 = 〈u, ψφψ−1(v)〉.
Hence
ψφψ−1 = Φi on V i,0. (4-5)
Consider ψ2 as an automorphism of V 0. Then ψ2 commutes with φ by Proposition 4.7
(1) and the assumption (D). Hence, we have
ψΦiψ−1 = φ on V 0,i. (4-6)
Since the order of φ is 2, both the composition maps Φ2i ◦Φi and Φi ◦Φ2i are the identity
map on V i,0 by (4-5). Viewing V 2i as an irreducible unitary (V 0, φ)-module, we have
Φ2i = (Φi)−1 on V 2i by the same argument as in the proof of Lemma 4.6.
Now, we define the anti-linear map Φ : V → V so that
Φ(u) =


φ(u) for u ∈ V 0
Φi(u) for u ∈ V i, i = 1, 2
and the positive-definite Hermitian form (·, ·) on V by
(u, v) =


(u, v)V i if u, v ∈ V i, i = 0, 1, 2,
0 if u ∈ V i, v ∈ V j , i 6= j.
Clearly, Φ is bijective and Φ ◦ Φ is the identity of V . Let us show that (V,Φ) is unitary.
Lemma 4.10. (1) For i, j ∈ {0, 1, 2}, Φ(V i,j) = V 2i,2j.
(2) For u, v ∈ V , (u, v) = 〈u,Φ(v)〉.
Proof. Clearly, (V 0,0, φ) is a simple unitary VOA and V i,j is an irreducible unitary (V 0,0, φ)-
module. Hence by Lemma 4.5 (2) and Lemma 4.6, the map Φ sends V i,j to the submodule
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of V 2i,2j isomorphic to the contragredient module of V i,j, which is V 2i,2j by Remark 4.9
(4). Hence we obtain (1).
Let u ∈ V i, v ∈ V j with i 6= j. Clearly i+ 2j 6= 0. By (1), we have Φ(v) ∈ V 2j . Since
the contragredient module of V i is not isomorphic to V 2j , we have 〈u,Φ(v)〉 = 0. By (4-4)
and the definition of the form (·, ·), we obtain (2). 
Proposition 4.11. The anti-linear map Φ is an anti-linear involution of V .
Proof. Since φ is an anti-linear automorphism of V 0, Φ fixes the vacuum vector and the
conformal vector of V . Since (V 0, φ) is unitary, the equation
Φ(unv) = Φ(u)nΦ(v) (4-7)
holds for u, v ∈ V 0 and n ∈ Z. By the definition of Φi for i = 1, 2, (4-7) holds for u ∈ V 0
and v ∈ V i. By the skew symmetry, we have
unv = (−1)n+1vnu+
∑
i≥1
(−1)n+i+1
i!
L(−1)i(vn+1u)
for u, v ∈ V and n ∈ Z. Hence the equation (4-7) also holds for u ∈ V i and v ∈ V 0.
Let x ∈ V 0,j , y ∈ V i,0 and u ∈ V k,ℓ. By Borcherds’ identity, for r, q ∈ Z,
(xry)qu =
∞∑
i=0
(−1)i
(
r
i
)
(xr−i(yq+iu)− (−1)ryq+r−i(xiu)) .
By the assumptions on x and y and the identity above, we have
Φ((xry)qu) = (Φ(x)rΦ(y))qΦ(u) = Φ(xry)qΦ(u).
By Remark 4.9 (2), we obtain Φ(unv) = Φ(u)nΦ(v) for all x, y ∈ V and n ∈ Z. 
By Lemma 4.10 (2), the invariant property of 〈·, ·〉 and Proposition 4.11, we obtain the
following proposition:
Proposition 4.12. The positive-definite Hermitian form ( , ) on V satisfies the invariant
property for (V,Φ).
Combining Propositions 4.11 and 4.12, we have proved Theorem 4.8.
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5. Unitary form on V ♯
In this section, we will show that V ♯ is unitary.
5.1. Unitary form on V τL . First, we recall from [DLin14] a unitary form for a general
lattice VOA VL.
Let L be a positive-definite even lattice. Let VL = M(1) ⊗C C{L} be the lattice
VOA as defined in [FLM88]. There exists a positive-definite Hermitian form on C{L} =
SpanC{eα | α ∈ L} determined by (eα, eβ) = δα,β. In addition, there exists a positive-
definite Hermitian form on M(1) = SpanC{α1(−n1) . . . αk(−nk)1 | αi ∈ L, ni ∈ Z>0}
such that
(1,1) = 1;
(α(n)u, v) = (u, α(−n)v), for α ∈ L
for any u, v ∈ M(1). Then a positive-definite Hermitian form on VL is defined by (u ⊗
eα, v ⊗ eβ) = (u, v) · (eα, eβ), where u, v ∈M(1) and α, β ∈ L.
Let φ : VL → VL be an anti-linear map determined by:
α1(−n1) · · ·αk(−nk)⊗ eα 7→ (−1)kα1(−n1) · · ·αk(−nk)⊗ e−α,
where α1, . . . , αk, α ∈ L.
Theorem 5.1. ([DLin14, Theorem 4.12]) Let L be a positive-definite even lattice and φ
be the anti-linear map of VL defined above. Then the lattice vertex operator algebra (VL, φ)
is a unitary vertex operator algebra.
Now, we assume that L has a fixed-point free isometry τ of order 3. We often denote
a lift of τ on VL by τ , also. One can directly check that τ commutes with φ. Hence by
[DLin14, Corollary 2.7], we obtain the following lemma:
Lemma 5.2. Let V τL be the fixed-point subspace of τ on VL. Then we have φ(V
τ
L ) ⊂ V τL .
In particular, (V τL , φ) is a unitary VOA.
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5.2. Unitary form on τ i-twisted VL-modules. Let L be an even positive-definite lat-
tice with a Z-bilinear form 〈·|·〉. Assume that L has a fixed-point free isometry τ of order
3. Next we review the construction of τ i-twisted VL-modules from [DL96, TY13].
Define h = C⊗Z L and extend the Z-form 〈·|·〉 C-linearly to h. Denote
h(n) = {α ∈ h | τα = ξnα} for n ∈ Z,
where ξ = exp(2π
√−1/3).
Let hˆ[τ ] =
∐
n∈Z h(n) ⊗ tn/3 ⊕ Cc be the τ -twisted affine Lie algebra of h. Denote
hˆ[τ ]+ =
∐
n>0
h(n) ⊗ tn/3, hˆ[τ ]− =
∐
n<0
h(n) ⊗ tn/3, and hˆ[τ ]0 = h(0) ⊗ t0 ⊕ Cc,
and form an induced module
S[τ ] = U(hˆ[τ ])⊗U(hˆ[τ ]+⊕hˆ[τ ]0) C ∼= S(hˆ[τ ]−) (linearly),
where
∐
n>0 h(n) ⊗ tn/3 acts trivially on C and c acts as 1, and U(·) and S(·) denote the
universal enveloping algebra and symmetric algebra, respectively. For any α ∈ L and
n ∈ 1
3
Z, let α(3n) be the natural projection of α in h(3n) and we denote α(n) = α(3n) ⊗ tn.
For any positive integer n, let 〈κn〉 be a cyclic group of order n. Define cτ : L×L→ 〈κ6〉
by cτ (α, β) = κ
〈τα|β〉−〈τ2α|β〉
3 and consider the central extension
1 −→ 〈κ6〉 −→ Lˆτ ¯−→ L −→ 1
such that aba−1b−1 = cτ (a¯, b¯) for a, b ∈ Lˆτ , where κ3 = κ26. Let τˆ be a lift of τ in Aut Lˆτ
such that τˆ (a) = a for a ∈ Lˆτ with τ(a¯) = a¯. By abuse of notation, we often denote τˆ by
τ .
Remark 5.3. By [DL96, Remark 2.1], there is a set-theoretic identification between the
central extensions Lˆ and Lˆτ such that the respective group multiplications × and ×τ are
related by
a× b = κ〈τ a¯|b¯〉6 a×τ b.
Let T be an irreducible Lˆτ -module on which K = {a−1τˆ(a) | a ∈ Lˆτ} acts trivially
and κ6 acts as multiplication by exp(2π
√−1/6) (cf. [DL96, Remark 4.2]). Then the
twisted space V TL (τ) = S[τ ]⊗T forms an irreducible τ -twisted VL-module with the vertex
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operator Y τ (·, z) : VL → End(V TL )[[z, z−1]] on V TL defined as follows: For a ∈ Lˆ, define
W τ (a, z) = 3−〈a¯|a¯〉/2σ(a¯)E−(−a¯, z)E+(−a¯, z)az−〈a¯|a¯〉/2,
where
E±(α, z) = exp

 ∑
n∈ 1
3
Z±
α(n)
n
z−n

 and σ(α) = (1− ξ2)〈τα|α〉.
Note that a ∈ Lˆ acts on T as the element of Lˆτ via the identification in Remark 5.3.
For α1, . . . , αk ∈ h, n1, . . . , nk > 0, and v = α1(−n1) · · ·αk(−nk) · ι(a) ∈ VL, set
W (v, z) = ◦◦
(
1
(n1 − 1)!
(
d
dz
)n1−1
α1(z)
)
· · ·
(
1
(nk − 1)!
(
d
dz
)nk−1
αk(z)
)
W τ (a, z)◦◦ ,
where α(z) =
∑
n∈Z/3 α(n)z
−n−1 and ◦◦ · · · ◦◦ denotes the normal ordered product.
Define constants cimn ∈ C for m,n ≥ 0 and i = 0, · · · , 2 by the formulas
∑
m,n≥0
c0mnx
myn = −1
2
2∑
r=1
log
(
(1 + x)1/3 − ξ−r(1 + y)1/3
1− ξ−r
)
, (5-1)
∑
m,n≥0
cimnx
myn =
1
2
log
(
(1 + x)1/3 − ξ−i(1 + y)1/3
1− ξ−i
)
for i 6= 0. (5-2)
Let {β1, · · ·, βd} be an orthonormal basis of h and set
∆z =
∑
m,n≥0
2∑
i=0
d∑
j=1
cimn(τ
−iβj)(m)βj(n)z−m−n. (5-3)
Then e∆z is well-defined on VL since c
i
00 = 0 for all i, and for v ∈ VL, e∆zv ∈ VL[z−1].
Note that ∆z is independent of the choice of orthonormal basis and
τˆ∆z = ∆z τˆ and τˆ e
∆z = e∆z τˆ on VL.
For v ∈ VL, the vertex operator Y τ (v, z) is defined by
Y τ (v, z) = W (e∆zv, z). (5-4)
Recall that the irreducible Lˆτ -module can be constructed as follows: Let A > K be a
maximal abelian subgroup of Lˆτ . Let χ : A/K → C be a linear character of A/K. Let Cχ
30 HSIAN-YANG CHEN, CHING HUNG LAM, AND HIROKI SHIMAKURA
be the 1-dimensional module of A affording χ. Then we obtain the irreducible Lˆτ -module
Tχ = Ind
Lˆτ
A Cχ = C[Lˆτ ]⊗C[A] Cχ.
Next we will define a Hermitian form on V
Tχ
L (τ). For any a, b ∈ Lˆτ , define
(t(a), t(b)) =


0 if aA 6= bA,
χ(b−1a) if aA = bA,
(5-5)
where t(a) = a⊗1 ∈ Tχ for a ∈ Lˆ. Also using the same argument as in [FLM88, KRR13],
there is a positive-definite Hermitian form ( , ) on S[τ ] such that
(1, 1) = 1,
(α(n) · u, v) = (u, α(−n) · v),
for any u, v ∈ S[τ ] and α ∈ L. Now we define a positive-definite Hermitian form on
V
Tχ
L (τ) by
(u⊗ r, v ⊗ s) = (u, v) · (r, s), where u, v ∈ S[τ ], r, s ∈ Tχ.
Lemma 5.4. For any u, v ∈ V TχL (τ) and a ∈ Lˆτ , we have (a · u, a · v) = (u, v).
Proof. It suffices to consider the case for
u = v1 ⊗ t(b1) and v = v2 ⊗ t(b2),
where v1, v2 ∈ S[τ ] and a, b ∈ Lˆτ . By definition, we have
(a · u, a · v) = (v1 ⊗ t(ab1), v2 ⊗ t(ab2)) = (v1, v2) · (t(ab1), t(ab2)).
Moreover, (ab2)
−1ab1 = b−12 a
−1ab1 = b−12 b1. Therefore, we have χ((ab2)
−1ab1) = χ(b−12 b1)
if b1A = b2A. Hence, we have (a · u, a · v) = (u, v) as desired. 
Lemma 5.5. For any α ∈ L and u, v ∈ V TχL (τ), we have
(eα · u, v) = (u, ξ〈α|α〉/2e−αv).
Proof. Recall from Remark 5.3 that there exists a set-theoretic identification between Lˆ
and Lˆτ . Since τ is fixed-point free and of order 3, we have 〈τα| −α〉 = 12〈α|α〉. It follows
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from eα × e−α = κ〈α|α〉/22 e0 that eα ×τ e−α = κ−〈α|α〉/23 e0. Now by Lemma 5.4,
(u, ξ〈α|α〉/2e−αv) = (eα · u, eα · (ξ〈α|α〉/2e−αv)) = (eα · u, v)
as desired. 
The following lemma is very similar to [DLin14, Theorem 4.14].
Lemma 5.6. For any χ, V
Tχ
L (τ) is a unitary τ -twisted module of (VL, φ).
Proof. We only need to verify the invariant property. Since the VOA VL is generated by
{α(−1) · 1 | α ∈ L} ∪ {eα | α ∈ L}, it is sufficient to check
(Y τ (ezL(1)(−z−2)L(0)x, z−1)u, v) = (u, Y τ (φ(x), z)v)
for x ∈ {α(−1) · 1 | α ∈ L} ∪ {eα | α ∈ L} and u, v ∈ V TχL (τ) (cf. [DLin14, Proposition
2.12]).
Let u = v1 ⊗ t(a) and v = v2 ⊗ t(b) for some v1, v2 ∈ S[τ ], a, b ∈ Lˆ. Then
(α(n)u, v) = (u, α(−n)v)
for any α ∈ L and n ∈ 1
3
Z. Thus for x = α(−1) · 1, we have
(Y τ (ezL(1)(−z−2)L(0)α(−1) · 1, z−1)u, v)
=− z−2(Y τ (α(−1) · 1, z−1)v1 ⊗ t(a), v2 ⊗ t(b))
=− z−2
∑
n∈ 1
3
Z
(α(n)v1, v2)(t(a), t(b))z
n+1
=−
∑
n∈ 1
3
Z
(v1, α(−n)v2)(t(a), t(b))zn−1
=(u, Y τ (φ(α(−1) · 1), z)v).
Notice that e∆z(α(−1) · 1) = α(−1) · 1.
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Now take x = eα with (α, α) = 2k. Then we have
(Y τ (ezL(1)(−z−2)L(0)eα, z−1)u, v)
=(Y τ (ezL(1)(−z−2)L(0)eα, z−1)v1 ⊗ t(a), v2 ⊗ t(b))
=(−z−2)k(3−k(1− ξ2)−kE−(−α, z−1)E+(−α, z−1)eαzkv1 ⊗ t(a), v2 ⊗ t(b))
=(−z−2)k(v1 ⊗ t(a), 3−k(1− ξ2)−kE−(α, z)E+(α, z)ξke−αzkv2 ⊗ t(b))
=(v1 ⊗ t(a), 3−k(1− ξ2)−kE−(α, z)E+(α, z)e−αz−kv2 ⊗ t(b))
=(v1 ⊗ t(a), Y τ (φ(eα), z)v2 ⊗ t(b))
as desired. 
5.3. Unitary VOA structure on V ♯. In this subsection, we check that V ♯ satisfies the
hypotheses (A)–(D) of Theorem 4.8, which shows that V ♯ is unitary.
By Theorem 3.1,
V ♯ = V τΛ ⊕ (V T1Λ (τ))Z ⊕ (V T2Λ (τ 2))Z
is a holomorphic VOA of CFT-type. Clearly it is simple and self-dual. Let b ∈ K∗12 \K12
of squared norm 6. By the proof of Lemma 3.10, we have τ ′ = ϕS0[1]. Set g = ϕSb[0]. Then
τ ′ and g are commuting automorphisms of V ♯ of order 3. Set V i,j = {v ∈ V | τ ′(v) =
ξiv, g(v) = ξjv}, where ξ = exp(2π√−1/3), and set V i = ⊕2j=0 V i,j . By the definition
of τ ′, we have V 0 = V τΛ and V
i = (V TiΛ (τ
i))Z for i = 1, 2.
It follows from Lemmas 5.2 and 5.6 that V 0 is unitary and V ♯ is a unitary V 0-module.
Hence V ♯ satisfies the hypotheses (A) and (B). Let U be the subspace of R = R(V τK12)
spanned by S0[1] and Sb[0]. Then U is a 2-dimensional totally singular subspace. The
stabilizer of U in Ω−8 (3) has the shape 3
1+8:(GL2(3)× Ω−4 (3)) (see [CCN+85, p141]) and
it acts on U as GL(U) ∼= GL2(3). Hence, there exists ψ ∈ Ω−8 (3) such that ψ(S0[1]) =
Sb[0] and ψ(Sb[0]) = S0[1]. Remark that f, g ∈ R∗ and NAutV ♯(R∗)/R∗ ∼= Ω−8 (3).2 acts
naturally on R∗ by conjugation. Hence a lift ψ˜ of ψ to NAut V ♯(R∗) ∼= 38.Ω−8 (3).2 satisfies
ψ˜−1fψ˜ = g and ψ˜−1gψ˜ = f . Thus V ♯ satisfies the hypothesis (C).
By (3-3), the automorphism group of V 0 is finite. Let g¯ denote the restriction of g to V 0.
Since V 0,0 is the g¯-fixed points of V 0 ∼= V τΛ , we have V 0,0 = V τL , where L = {v ∈ Λ | 〈v|b〉 ∈
3Z} and 〈·|·〉 is the inner product of R ⊗Z Λ. By [CL16], we know that the irreducible
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V τL -modules V
0,1 and V 0,2 are simple currents. Hence V 0 is a Z3-graded simple current
extension of V 0,0. Let A be the cyclic group of order 3 corresponding to the grading.
Then A∗ = 〈g¯〉. Consider the action of AutV 0,0 on the set of isomorphism classes of
simple current V 0,0-modules. Let SA be the set of isomorphism classes of V
0,j, j = 0, 1, 2.
By Theorem 2.1, the stabilizer of SA is isomorphic to the finite group NAut V 0(〈g¯〉)/〈g¯〉.
Since V 0,0 is C2-cofinite, there are finitely many irreducible V
0,0-modules. Hence the
Aut V 0,0-orbit of SA is a finite set. Thus Aut V
0,0 is finite, and V ♯ satisfies the hypothesis
(D).
The VOA V ♯ therefore satisfies all the hypotheses in Theorem 4.8 and we have our
main result in this section.
Theorem 5.7. The VOA V ♯ has a unitary structure as an extension of unitary V τΛ -module
structure.
6. Characterization of the Moonshine VOA
In this section, we prove the following characterization of the Moonshine VOA V ♮:
Theorem 6.1. Let V be a C2-cofinite, holomorphic VOA of CFT type of central charge
24. We also assume the following:
(a) V1 = 0;
(b) there exists an anti-linear involution φ of V such that (V, φ) is unitary;
(c) the automorphism group Aut V of V is isomorphic to the Monster simple group M;
(d) the action of Aut V on V2 is not trivial;
(e) V contains an Ising vector fixed by φ.
Then V is isomorphic to the Moonshine VOA V ♮.
Remark 6.2. The Moonshine VOA V ♮ satisfies the conditions (a)–(e) in the theorem above.
Remark 6.3. The condition (c) implies that Aut V is compact. Hence by Proposition 4.7
(1), Aut V preserves the (unique) real form VR = {v ∈ V | φ(v) = v} of V .
We now assume that V is a C2-cofinite, holomorphic VOA of CFT-type of central charge
24 satisfying (a)–(e) in Theorem 6.1. Recall that e ∈ V2 is an Ising vector if the subVOA
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〈e〉VOA generated by e is isomorphic to L(1/2, 0) and e is the conformal vector of 〈e〉VOA.
For an Ising vector e, one can define an automorphism τe ∈ Aut V and an automorphism
σe ∈ Aut V τe as described in [Mi96].
Lemma 6.4. Let e be an Ising vector of V . Then τe 6= 1.
Proof. Suppose τe = σe = 1. By [Mi96, Proposition 4.9], V is isomorphic to L(1/2, 0)⊗V ′
for some VOA V ′. Then V has an irreducible module L(1/2, 1/2)⊗ V ′ not isomorphic to
V , which contradicts that V is holomorphic.
Suppose that τe = 1 and σe 6= 1. Let G be the subgroup of Aut V generated by σ-
involutions associated to Ising vectors in V . Then G 6= {1} and G is normal in Aut V . It
follows from the simplicity of AutV that G = AutV . By [Mi96, Theorem 6.13], G is a
3-transposition group, which contradicts that Aut V (∼= M) is not a 3-transposition group.
Therefore τe 6= 1. 
Let I be the set of all Ising vectors of VR.
Lemma 6.5. (1) For any e ∈ I, the τ -involution τe belongs to the conjugacy class 2A of
M.
(2) The map e 7→ τe from I to the conjugacy class 2A of M is bijective.
Proof. Let e ∈ I and set Ie = {f ∈ I | τe = τf}. Let f ∈ Ie. Recall from Lemma 6.4
that V does not have Ising vectors of σ-type. By [Mi96, Theorem 6.12] and e, f ∈ VR,
along with (b), e = f or e is orthogonal to f . Suppose |Ie| ≥ 48. Then V has a mutually
orthogonal 48 Ising vectors, and the sum of them must coincides with the conformal vector
of V since the invariant form on VR is positive-definite. Hence V has a Virasoro frame
whose Ising vectors induce the same τ -involution. The 1/16-code is {(048), (148)}, and the
code VOA associated to the dual code of 1/16-code, i.e., the code consisting of all even
codewords, is a subVOA of V , which implies that V1 6= 0. This contradicts (a). Thus
|Ie| ≤ 47.
Let C be the centralizer of τe in Aut V . Recall from (c) and (d) that V2 = Cω ⊕ ω⊥ as
a direct sum of irreducible M-modules, where ω⊥ is the orthogonal complement of ω with
respect to the invariant form. Suppose that τe belongs to the conjugacy class 2B. Then
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V2 decomposes into a direct sum of irreducible C-modules as follows:
V2 = 1 + 299 + 98280 + 98304,
where n means an n-dimensional irreducible C-module. Recall that V2 contains a C-
invariant subspace SpanC Ie whose dimension is at most 47. This contradicts that 1 is
spanned by the conformal vector ω and that e 6= ω and e ∈ Ie. Hence τe belongs to the
conjugacy class 2A, and V2 decomposes into a direct sum of irreducible C-modules as
follows:
V2 = 1 + 1 + 4371 + 96255 + 96256. (6-1)
Since SpanC Ie is a C-submodule of V2 whose dimension is at most 47 and ω is fixed by
C, we have |Ie| = 1. Hence Ie = {e}, and we obtain the injectivity.
Let g be an element in the conjugacy class 2A of M. Then there exists h ∈M such that
h−1gh = τe. Hence g = τh(e). By Remark 6.3, h(e) ∈ I, and we obtain the surjectivity 
Theorem 6.1 follows from the next proposition.
Proposition 6.6. As algebras, V2 is isomorphic to V
♮
2 . In particular, V is isomorphic to
V ♮ as VOAs.
Proof. Let ω and ω♮ denote the conformal vectors of V and V ♮, respectively. Let ι1 be the
linear map from Cω to Cω♮ define by ι1(ω) = ω
♮. Let ι2 be an M-module isomorphism
from ω⊥ to (ω♮)⊥. Since ω⊥ and (ω♮)⊥ are irreducible, ι2 is unique up to a scalar multiple.
In addition, an invariant bilinear form on ω⊥ preserved by the action of M is unique up
to a scalar multiple. We choose ι2 : ω
⊥ → (ω♮)⊥ so that 〈ι2(x), ι2(y)〉 = 〈x, y〉 for all
x, y ∈ ω⊥, where 〈·, ·〉 is the normalized invariant bilinear form on V .
Let us show that ι = ι1 ⊕ ι2 : V2 → V ♮2 is an algebra homomorphism. Let e be an
Ising vector in (VR)2. By (6-1), U = SpanC{e, ω} is the fixed-point subspace of CM(τe) in
V2. Since ι is a CM(τe)-homomorphism, ι(U) is also the fixed-point subspace of CM(τe) in
(V ♮2 )R. By Remark 6.2 and Lemma 6.5, there exists an Ising vector f ∈ (V ♮R)2 such that
ι(U) = SpanC{f, ω♮}. Set e′ = (1/48)ω − e and f ′ = (1/48)ω♮ − f . Then e′ ∈ ω⊥ and
f ′ ∈ (ω♮)⊥, and Ce′ and Cf ′ are the fixed-point subspaces of CM(τe) in ω⊥ and (ω♮)⊥,
respectively. Since ι is a CM(τe)-homomorphism, we have ι(e
′) = λf ′. Since ι preserves
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the invariant form, we have λ = ±1. If λ = −1, then we replace ι2 by −ι2, and hence
we may assume λ = 1. Then ι(e′) = f ′. Since an M-invariant algebra structure on ω⊥ is
unique up to a scalar, ι is an algebra isomorphism since ι(e′(1)e
′) = ι(e′)(1)ι(e′).
It follows from V2 ∼= V ♮2 as algebra that V ∼= V ♮ as VOAs by [DGL07, Theorem 1]. 
Finally, let us check that V ♯ satisfies the hypotheses in Theorem 6.1.
Proposition 6.7. The holomorphic VOA V ♯ of central charge 24 satisfies the hypotheses
(a)–(e) in Theorem 6.1.
Proof. By Theorems 3.1, 3.16 and 5.7, V ♯ satisfies (a)–(c). By the action of subgroups of
Aut V ♯, such as NAut V ♯(〈τ ′〉), we know that V ♯ satisfies (d). Recall that V τΛ contains a
subVOA V τ√
2E8
. Let θ ∈ Aut V√2E8 be a lift of the −1-isometry of
√
2E8. Then θ and τ
commutes. Since V θ√
2E8
has exactly 496 Ising vectors ([LSY07, Proposition 4.3]) and 496
is not a multiple of 3, there exists an Ising vector in V θ√
2E8
fixed by τ . Hence V τΛ contains
an Ising vector, which proves (e). 
Applying Theorem 6.1 to V ♯, we obtain Theorem 1.1.
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